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Abstract 

We prove shuffle relations which relate a product of regularised integrals of classical 
symbols J^'^^ ai d^i, i — 1, • • • , fc to regularised nested iterated integrals: 

^ preg r^eg /• /• 

n / <^^d^^^Y, d^l d6 • • • / (^tl <Tr(i) 

i=lJ reT^J -'|?2|<I6I -'l?l,|<l«fc-ll 

where Sfc is the group of permutations over k elements. We show that these shuffle 
relations hold if all the symbols (Ti have vanishing residue; this is true of non integer 
order symbols on which the regularised integrals have all the expected properties such 
as Stokes' property |MMP| . In general the shuffle relations hold up to finite parts of 
corrective terms arising from a renormalisation on tensor products of classical symbols, 
a procedure adapted from renormalisation procedures on Feynman diagrams familiar 
to physicists. 

We relate the shuffle relations for regularised integrals of symbols with shuffle relations 
for multiple zeta functions adapting the above constructions to the case of a symbol 
on the unit circle. 
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Introduction 

Before describing the contents of the paper, let us give some general motivation. 
Starting from a function / : IN ^ (C, one can build functions P{f) : IN ^ C and 
P(/) : W->(C: 

P{f)in)= E /M' E 

n>m>0 n>m>0 

The operators P and P obey Rota-Baxter relations and define Rota-Baxter type 
operators of weight — 1 and 1 respectively: 

P{f) P{g) ^P{f P{g)) +P{g P{f)) + P{fg) 

and 

P{f)P{g) = p{fPig))+p[gPif))-Pifg). 

When apphed to f{n) = n^^^ , g{n) — n^^'^ , these relations lead to the "second shufHe 
relations" for zeta functions lENRj : 

C{zi) C{Z2) = C{Z1,Z2) + C{Z2, Zl) + C{Z1 + Z2) 

where C,{z) = E„>o""'' ^^^^^ C{zi,Z2) = E„i>n2 "r'''"2''''- Similarly, 

C(^l) C(^2) = C,{Z1,Z2) + C{Z2, Zl) - C(zi + Z2) 

where C{zi.Z2) = Y.n,>n^ n~'''n~'\ 

Correspondingly, starting from / e i^(]R, (C), one can build P{f) : i? — > (C: 



p{mj)= / f{x)dx. 

Then the classical Rota-Baxter relation (of weight zero) 

P{f)P{g) = P{fP{g)) + P{gP{f)) 
is an integration by parts in disguise. It leads to to shuffle relations for integrals: 

n/ /^=E/ P {P {■■■ niriU)) friU-l) ■■■) f ri2)) frW Vfc > 2 

under adequate integrability assumptions on the functions fi. 

Zeta functions generalize to zeta functions associated to elliptic classical pseudo- 
differential operators on a closed manifold M defined by 

u{z) = E 

A„eSpcc(A),A„5^0 

modulo some extra under assumptions on the leading symbol of the operator A to 
ensure the existence of its complex power A^^- . If <ja{z) denotes the symbol of this 
complex power then provided the order of A is positive, for Re(z) large enough, C,a is 
actually an integral of the symbol on the cotangent bundle T*M: 

Ca{z) ^ dx tr^{aA{z))ix,£,)d^ 
Jm Jt'M 
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with (f^ :~ ' " being the dimension of M. It extends to a meromorphic function 
on the whole plane replacing the ordinary integral by a cut-off integral ji=p,j^.i- 

The main purpose of this paper is to establish shuffle relations for cut-off integrals 
of classical symbols di e CS"'{Ui) (see notations in the Preliminaries): 

k 

n 7 ^» ^ X! 7 ^ (" ■ {Pi<^r(k)) Crr(fe-l)) ■ • • 0-r(2)) Crr(l) V/c > 2 

and other regularised integrals built from cut-off integrals. We give sufficient assump- 
tions on the symbols for such shuffle relations to hold, conditions which we shall specify 
below, once we have introduced the necessary technical tools. It turns out that on the 
class of non integer order classical symbols, on which these regularised integrals have 
the expected properties such as Stokes' property, translation invariance... (see IHEl), 
these shuffle relations hold. Otherwise a renormalisation procedure is needed to take 
care of obstructions to these shuffle relations. 



In order to make this statement precise, we first need to extend cut-off and other 
regularised integrals on classical symbols to cut-off and other regularised iterated in- 
tegrals on tensor products of classical symbols; they are all continuous linear forms on 
spaces of symbols which naturally extend to continuous linear forms on the (closed) 
tensor product. The Wodzicki residue, which is also continuous on classical symbols 
of fixed order, extends in a similar way to a higher order residue density fes^.fc at 
point X = (xi, . . . ,Xk) & U = Ui X ■ ■ ■ X Uk on the tensor product ^^^iCS{Ui) and 
the well-known relation expressing the ordinary residue density res^, := res^^^o as a 
complex residue: 

Res,=o/ a{z)ix,Od^ = 4Tres,(a(0)) Va e C5([/) 

Jt^u a (0) 

extends to <^i=iCS{Ui). Here a{z) is a holomorphic family of classical symbols with 
order a{z) such that a'(0) 7^ 0. 

Indeed, the map z 1-^ jj-'U ^('^)(^>0 dS, with a S (gj^LjCS""' (C/^) is meromorphic with 
poles of order no larger than k and we have (see Theorem 

Resto/ cj{z){x,Odi = r^s.,fc(a(0)) Va G ®tiC5(t/.), (1) 

which is independent of the choice of regularisation 7?. : cr i— > (t{z) which sends the 
symbol cr to a holomorphic family of symbols cr(z) such that cr(0) — a. 

Another approach to regularised iieraterf integrals is to consider the operator a ^ P{<j) 

P(a)(r7)= / aiOd^. 

It maps (T G CS{U) to a symbol P{a) which is not anymore classical, since it raises the 
power of the logarithm entering the asymptotic expansion of the symbol by one. The 
fact that the algebra of classical symbols is not stable under the action of P justifies 
the introduction of log-polyhomogeneous symbols in this context (see e.g. ^ for an 
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extensive study of log-polyhomogeneous symbols and operators) . Indeed, the operator 
P satisfies a Rota-Baxter relation (of weight zero): 

P{a)P{r)=P{aP{r))+P{TP{a)) 

and defines a Rota-Baxter operator on the algebra of logpolyhoniogeneous symbols 
(see Proposition ^ . In one dimension the Rota-Baxter relation is an integration 
by parts formula in disguise but for higher dimensions, this Rota Baxter formula 
does not merely reduce to an integration by parts formula. However, similarities are 
to be expected between the obstructions to shuffle relations for regularised integrals 
studied here and the obstructions to Stokes' formula for regularised integrals of symbol 
valued forms studied in MMP . In both cases the obstructions disappear under a non 
integrality assumption on the orders of the symbols involved. It is interesting to 
note that regularised integrals behave nicely specifically on symbols of non integer 
order, namely when they obey Stokes' property jMMPj and have good transformation 
properties |L], jMMPj . 

Unlike in the previous approach, we now take a fixed open subset U G IR" so that 
Ui — U, i = 1, - ■ ■ ,k. From a tensor product cr = ai (8) • • • (8) of classical symbols 
<7i £ CS{U) and operators 

a ^ Pk{(y) 
(a)(x;6,---,6) -P (^(2:; 6, ' ' ' , 6, O) (Cfe), 

for fixed x £ U, one builds a map {x, ^) i— > (Pi o • • • o Pi^_i[a)) (x, ^) which is logpoly- 
homogeneous. The regularised cut-off iterated integral of a can then be seen as an 
ordinary regularised cut-off integral (extended by M. Lesch [E] to logpolyhomogeneous 
symbols) on the logpolyhomogeneous symbol Pi o ■ ■ ■ o Pi-_i{a) in our case ^: 

/ = / d6 A o • • • o (ar) . 



When a = ® Ui and the (left) partial sums ai -I- a2 + • ■ • + Q^j, J = 1, • • • , A: of the 
orders ai of the symbols Ui € CS{U) are non integer, the following shufffe relations 
hold (see Theorem 0)| 

k 

n/ ^»=E/ d^iPio---oPk-i{ar) (2) 
where we have set :— ^i^icrr{i)- 

A holomorphic regularisation procedure TZ : a (j{z) on CS{U) (with some continu- 
ity assumption) induces a regularisation procedure cti (g) • • • (8 cr^ i— > cri (z) • • • Cfc (2:) 
on (g)'^CS{U). Using results by Lesch [L] on cut-off integrals of holomorphic families of 
logpolyhomogeneous symbols we build meromorphic maps z 1— > jj^,iju{z) with poles 

of order at most k for any a G ^''CS{U). 



^Similar nested integrals arise in D.Kreimer's work IKll in relation to a change of scale in the 
renormalisation procedure. His rooted trees describing nested integrations can be adapted to our 
context, decorating trees with symbols ct,. We thank D. Kreimer for pointing this reference out to 
us, which we read after this article was completed. 
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When a{z) has order qz + a{0), then equation impUes the following equality 
of meroniorphic functions 

n/ cT,iz)=J2-f d?Pio---oPfe_i(®ti^rwW). (3) 

But in general, the constant term in the meroniorphic expansion on the l.h.s does not 
coincide with the product of the regularised integrals o^i ■= fp^^Q j-ai{z), namely 
in general 



However, shuffle relations extend to these regularised integrals provided the symbols 
involved have vanishing Wodzicki residue (see Corollary |21l: 

n t ^» = I] t A o • • • o Pk^, (ar) . 

For general symbols, a renormalisation procedure borrowed from physicists keeps track 
of counterterms one needs to introduce in order to pick the "right" finite part thereby 
circumventing the problem that "taking finite parts" does not commute with "taking 
products" of meromorphic functions. 

The above constructions are adapted in section 5 to invariant classical pseudodif- 
ferential operators acting on sections over the unit circle 5^. Using the identification 
~ ]R/27rS, one can relate the shuffle relations for integrals of the symbol of the 
modulus of the Dirac operator on the circle with "second shuffle relations" for mul- 
tiple zeta-functions. The adaptation is not straightforward as the symbol is not a 
smooth function anymore; since it involves Dirac measures the integrals turn out to 
be discrete sums. The Euler-MacLaurin formula is the main tool which enables us to 
go from integrals of symbols to discrete sums of symbols. 

These shuffle relations for regularised integrals of symbols and their link with shuffle 
relations for zeta functions are a hint towards deeper algebraic structures underlying 
cut-off multiple integrals on one hand and renormalisation procedures in quantum 
field theory on the other hand. 

In particular, this leads to the following open questions. Combining tensor prod- 
ucts <J = (dl^iCTi considered previously with injective linear maps B = Bq ® In ■ 
® M" ^ IR-^ (g) M" with L<I, one can build a class of functions 

/(ei---,a)-^°S(ei,---,eL) 

in the momenta ^i, • • • ,^fc which, for certain choices of di's are of Feynman type in 
the language of Etingof ,Ej . A regularisation procedure TZ on classical symbols gives 
rise to holomorphic families z <—> ai{z) from which we can build a map (zi, • • • , z/) i— > 
o'zi,---,zi = '^i=iO'i{zi). It is reasonable to expect the map 

{zi, ■■■,zi)^ -j (Tzi,-,zi o • • • dii ---diL 



^In the context of Feynman diagrams, L stands for the number of loops and I for the number of 
internal edges. 
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to give rise to a Laurent expansion in the Zi's, on the grounds of work by Speer 
who proves this fact when cri(^) = + mf)~^ Vi £ {1, • • • , /} and a{z) = cr^+^. 
Alternatively, following a dimensional regularisation type procedure, one can build 
maps 

{zi,---,zl)^ Jao • • • , a) ici r^^ • • • lar^^ • • • ^a, 

which again can be expected to give rise to Laurent expansions and hence to a mero- 
morphic function at when zi = ■ ■ ■ ~ zl — z. Etingof's results on dimensional regu- 
larisation E imply this meromorphicity property when cri{£,) = + mf)~^ \fi G 
{1, • • • ,/} on the grounds of a theorem by Bernstein but further investigations are 
needed to prove the first part of the statement on the existence of a Laurent expan- 
sion in several variables. 

In Theorem |B1 we show that provided the class of functions under consideration has 
this expected Laurent expansion behaviour, the renormalisation procedure boils down 
to picking up the constant term in the Laurent expansion in {zi, • • • , Zk)- This fact 
was already proved by Speer jS] in the particular case we briefly described above in 
relation to his work. 

It appears from the investigations carried out here, that iterated integrals of sym- 
bols seem to provide a stepping stone between Feynman type integrals in physics and 
the renormalisation procedures used to handle their divergences on one hand and mul- 
tiple zeta functions and the regularised shuffle relations they obey, a line of thought 
we want to pursue further in a forthcoming paper. 



^We thank Dirk Kreimer for drawing our attention to this reference. Speer's results are transposed 
here to the euclidean set up. 
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1 Preliminaries 

For a e ]R, fc e IN, the set CS°'''^{U) of scalar valued logpolyhomogeneous symbols of 
order a on an open subset U of M" can be equipped with a Frechet structure. Such 
a symbol reads: 

N-l 

(J =^lljaa-ra+Cr{N), (4) 
rn— 

where ?A is a smooth function which vanishes at and equals to one outside a com- 
pact, where aa-rn{x,£,) = X]p=o '''"-™.p(^' ^) ^^g'' 1^1 ^ C°°{S*U) with 
positively homogeneous in ^ of order a — m and where (^[n) G C°°(S'*[/) is a symbol 
of order a — N. The following semi-norms labelled by multiindices 7, (3 and integers 
TO > 0,p G {1, • • • , k}, N give rise to a Frechet topology on CS°''^{U): 

sup,,K,4,ia.(l + ieir"+""|525fa(x,OI; 

\ m=0 / 

where K ranges over compact sets in U. 

Remark 1 Note that the first set of norms corresponds to the ordinary symbol topol- 
ogy, the second set of norms controls the rest term cr(7v) whereas the last set of norms 
is the ordinary supremum norm on the homogeneous components of the symbol. 

Let us introduce some notations. The set CS^°°{U) := Htjig ]r^'^"'(^) corresponds 
to the algebra of smoothing symbols. The set 

me'Z ke IN 

of integer order log-polyhomogeneous symbols, which is equipped with an inductive 
limit topology of Frechet spaces is strictly contained in the algebra generated by log- 
polyhomogeneous symbols of any order 

CS*'*iU) := ( U U CS"'^\U)). 

rne m, fce IN 

Following )KV| (see also |L]), we extend the continuity on symbols of fixed order 
to families of symbols with varying order as follows: 

Definition 1 Let k be a non negative integer. A map b 1-^ a-{b) € CS*''^{U) of symbols 
parametrized by a topological space B is continuous if the following assumptions hold: 

1. the order a(b) of a{b) is continuous in b, 

2. for any non negative integer j, the homogeneous components CFci{b)-j.i{b){x,^), 
< I < k of the symbol cr(6)(x,^) yield continuous maps b 1— > (Ja(b)-j{b) '■= 

Eto'^aw-j,; W n mto C^{T*U), 
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3. for any sufficiently large integer N , the truncated kernel 



Jt*u 



where 

N 



yields a continuous map b i-^ '^{N) (b) into some C'^W{UxU) where liniAr^oo K{N) 
+00. 

2 Regularised integrals of log- poly homogeneous sym- 
bols 

We recall for completeness, well-known results on regularisation techniques of inte- 
grals of ordinary log-polyhomogeneous symbols which lead to trace functionals on the 
corresponding pseudodifferential operators. 

2.1 Cut-off integrals of log-polyhomogeneous symbols 

We start by recalling the construction of cut-off integrals of log-polyhomogeneous 
symbols L which generalizes results previously established by Guilleniin and Wodzicki 
in the case of classical symbols. 

Lemma 1 Let U be an open subset of ]R" and for any non negative integer k, let 
(J G CS*'^{U) be a log-polyhomogeneous symbol, then for any x ^ U 

• /g*^Q ^'^•^ asymptotic expansion m i? — > 00 of the form: 

„ 00 k 

/ a{x,Od^ r^n^o. C,{t)+ V Pi {<Jo^-,.i) {log R) R^-^+" 



k 



+ E^W-i^ (5) 

1=0 

where Pi{aa-j,i)iX) is a polynomial of degree I with coefficients depending on 
cra-j,i and where Cx{cr) is the constant term corresponding to the finite part: 

Jt^u Jsj(o,i) 

j=0,a~j+n^O 1=0 ^ J ' I "'•ix'^ 



which is independent ofN>a + n — 1. 
• For any fixed /i > 0, 

J+i 



fp 



Jbi{0,ilR) JB^iO.R) ;^(, ' + 
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Remark 2 If a is a classical operator, setting k = in the above formula yields 

N 

N 



/ (Ja-i(x,U})du). 



J— 0,a— j+n^O 

Proof. Given a log-polyhomogeneous symbol a £ CS"'*{U), for any e M we 
write: 

N 

a{x,0=Y^HO<^a-j{x,0+'^{N){x,0 y{x,0&T*U, (6) 

3=0 

where af^N) e S"-^-'^{U). 

• For some fixed N G 'S^ chosen large enough such that a — N —1 < —n, we write 
■'j- 



a{x, ^) = J2j'=o '4'<^a-j {x, ^) + <T(N) {x, and split the integral accordingly: 



Sincea — iV— 1 < —n, C7(^) lies in L^{T*U) and the integral /q.^q o'(^i^){x,^,)d£, 
converges when i? ^ oo to jr^,jj'y{N){x, ^)d^. On the other hand, for any j < N 

(7) 

Jb*(0,R) Jb*{0,1) JD'ilM) 

since ip is constant equal to 1 outside the unit ball. Here D*{1, R) = B*{0, R) — 
B*{0, 1). The first integral on the r.h.s. converges and since 

k 

aoc-j{x,C) = ^CToc-j,i{x,C)^oi 1^1, 

1=0 

the second integral reads: 

r ^ rR f 

/ aa-j{x,Od^ = y^ r"-^+"-Mog'rdr- / CTa-jAx,^)doJ. 

Hence the following asymptotic behaviours: 

/ d^aa-j{x,^) 
Jd%(i,R) 

^ ^ r ^ ^ log'^^ R 

~Ji^cx> , , T • / aoc-j,i{x-,Lo)dLo = V — — — resi,a;((7) if a - j = -n 



whereas: 
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Jdi{i,r) t^Vt^ {a-3+ny Js^u 



JSIU 



Putting together these asymptotic expansions yields the statement of the propo- 
sition with 

The /ti-dependence follows from 



log i^l^C'm U— 7^ 



.=0 



The logarithmic terms X^^Lq '^^^^J^'f^ log'"*"^ {ji R) therefore contribute to the finite 
part by Ym=o ^ ' ^^^(.^(i^) as claimed in the lemma. □ 

Discarding the divergences, we can therefore extract a finite part from the asymp- 
totic expansion of J^^g a{x,(,)d(, and set for a e CS'*''^(]R"): 

Definition 2 Given an non negative integer k, an open subset U C H" and a point 
X &U, for any a G CS'^''^{U), the cut-off integral 

4 a{x, ^)d^ := fpfi^^ / (t{x, ^)d^ 

^ C_lV+l7l r 

E E (,L",V.y.. t^----..'(^,o^sc (8) 



j=0,a-j- 



is independent ofN>a + n — I. 

It is independent of the parametrisation R provided the higher Wodzicki residue 

resj;,; := / (T-n,i{x,Cjds(. 

JS'U 

vanishes for all integer < I < k. 

This explicit description of the finite part leads to the following continuity result. 
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Proposition 1 For any fixed a G IR and any non negative integer k, and given an 
open subset U G M", a point x ^ U , the map 

a ^ 



is continuous in the Frechet topology ofCS°^'''{U) and the natural topology of C°°{U, (C). 
Remark 3 The assumption that a he fixed is essential here. 

Proof: From formula JHJ and the fact that symbols are smooth fmictions on U x H", 
it follows that the cut-off integral is C°°{U, (D)-valued. 

The maps cri-^ (^x ^ Jg,^Q-^^'4){^)aa-jix,^) d^^ and ct i-^ (^x ^ Jg.,j aa-j,i{x,S,) ds^^j 
are clearly continous as integrals over compact sets of continuous maps. On the other 
hand the map a (^x /^.j/ o'(jv) (2;, C) '^'^^ is continuous since a l—^ C(Ar) is contin- 
uous and (T(jv)(x,^) < C(l + I'^l)^^ can be uniformly bounded by an function. □ 

As well as the higher order residue density function reSx.fc, one can define on CS*'^{U) 
an extension of the ordinary residue density function res^^ as follows: 

res^(cr) := / (cr(x,C))_„ dsi 
Js^u 

where ds^ is the volume measure on the unit cotangent sphere S*U induced by the 
canonical volume measure on T*U. Even though it certainly does not induce a graded 
trace on the algebra of log-polyhomogencous operators on a closed manifold as the 
higher order residue does jPj, it is a useful tool for what follows since we have the 
following continuity result: 

Lemma 2 Given any non negative integer k, and given any a € TR,, the map: 

CS°'^^{U) C°°([/,(C) 

CT I— > (x reSa;(CT)) 

is continuous for the Frechet topology on CS"'^{U). 

2.2 Integrals of holomorphic families of log-poly homogenous 
symbols 

Following |KV| (see also |L| ) , we define a holomorphic family of logpolyhomogeneous 
symbols in CS*''^{U) in the same way as in definition ^ replacing continuous by holo- 
morphic. 

We quote from IPS| the following theorem which extends results of L relating the 
Wodzicki residue of holomorphic families of log-polyhomogeneous symbols with higher 
Wodzicki residues. For simplicity, we restrict ourselves to holomorphic families with 
order a{z) given by an afhne function of z, a case which covers natural applications. 



Jt* u J 
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Theorem 1 Let U be an open subset of M" and let k be a non negative integer. 
For any holomorphic family z i-^ cr(z) G C S"^'^^ iU) of symbols parametrised by a 
domain C (C such that z ^ aiz) = a'(0)z + a(0) is an affine function with 
a'(z) = Q:'(0) 7^ 0, then for any x (z U , there is a Laurent expansion in a neighborhood 
of any zq <E P 

/ a{z){x,i)di = fp.=.„/ <r{z){x,m 

rj{a){za){x) 

K 

+ o((z-zo)^), 

where for 1 < j < fc + 1, i?j(cr)(zo)(2^) is locally explicitly determined by a local 
expression (see %1 for the case a'{0) — 1) 

^ — j 1 

Here (T(;-)(z) is the local symbol given by the coefficient o/ log' |^| of a i.e. 

k 

o{z)^Y.^(i){z)\og' 

On the other hand, the finite part iPz=zo 'fr'U '^^^^^•'^'^^^^ consists of a global piece 
i~iR" '^izo)ix, o,i^d a local piece: 

^Pz=zoi (^iz)ix,^)d^ = 4 a{za){x,C)d£. 

Finally, for I < j < K , Sj{a-){zo){x) reads 
Jt^u 

As a consequence, the finite part fp^^^^f?p,jj cr(z)(x, S.)d^ is entirely determined by the 

derivative a'{zo) of the order and by the derivatives of the symbol ct^'^zq), I < k+1 
via the cut-off integral and the Wodzicki residue density. 
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2.3 Regularised integrals of log-polyhomogeneous symbols 

Let us briefly recall the notion of holomorphic regularisation taken from |KV| (see also 

EHI). 



Definition 3 A holomorphic regularisation procedure on CS*'^{U) for any fixed non 
negative integer k is a map 

n:CS*'''{U) Hoi (CS'*''=(C/)) 

where Hoi (^CS*'^{U)^ is the algebra of holomorphic maps with values in CS*'^{U), 
such that 

1. cr(0) = a, 

2. (j{z) has holomorphic order a{z) (in particular, aifi) is equal to the order of a) 
such that a'(0) ^ 0. 



We call a regularisation procedure TZ continuous whenever the map 
TZ:CS*'''{U) Hol(C'S'*''''(C^)) 

cr I— > (z I— > (t{z)) 

is continuous. 



Remark 4 It is easy to check \P3I that if z ^ cj{z) e CS'"(^'''=(C/) then <t^^\zo) e 

Examples of holomorphic regularisations are the well known Riesz regularisation cr i— > 
cr{z){x,S,) :— (t{x,S^) ■ \^\~^ and generalisations of the type a i— > a{z){x,£^) := H{z) ■ 
(t(x,^) • |^|~^ where H is a. holomorphic function such that H{0) = 1. The latter in- 
clude dimensional regularisation (see 0). These regularisation procedures are clearly 
continuous. 

As a consequence of the results of the previous paragraph, given a holomorphic regu- 
larisation procedure TZ : a ^ a{z) on CS*'^{U) and a symbol cr G CS*'^{U), for every 
point X Cz U, the map z i— > j^,,^ cr(z)(a;,^) d^ is meromorphic with poles of order at 

most k + 1 at points in a^^{[~n, +oo[r]'Zj) where a is the order of a{z) so that we 
can define the finite part when z — > as follows. 

Definition 4 Given a holomorphic regularisation procedure TZ : a t-^ '^i^) on C S* (U) , 
a symbol a G CS*^^{U) and any point x G U, we define the regularised integral 
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We have the foUowing continuity resuh. 

Proposition 2 Given a continuous holomorphic regularisation procedure TZ : a t-^ 
cr(z) on CS*'^{U) where k is a non negative integer, for any fixed a G M, there is a 
discrete set Pq C (C such that the map 

CS"'''{U) 

a I— > 



is continuous on C°° (C/, Hol((C — Pa)) 

CS°''''{U) 
a 



is continuous on CS'^'^{U). 
Remark 5 The assumption that a he constant is essential here. 

Proof: From Theorem^wc know that the map z t—f jx*u '^i^)i^^ ') meromorphic 
with simple poles in some discrete set Pa ■ From Proposition 1 we know that the map 
(T '—^ j-a is continuous. Combining these two results gives the continuity of the map 

(T i-^ I— > §iY*u where the r.h.s is understood as a holomorphic map on 

We now prove the second part of the proposition. By theorem ^ applied to zq = 0, 
it is sufficient to check that the maps a i— > jj^^u <y{Q){x,S,) dS^ and the maps a i— *■ 

reSa; {a^^\Q)) are C°°(J7, (C) valued and continuous for any 1 < j < A; + 1 for the 
Frechet topology on log-polyhomogenous symbols and the Frechet topology on smooth 
functions. 

From the continuity assumption on the regularisation TZ combined with Proposition 
n and Lemma El it follows that for a log-polyhomogeneous symbol r, both x i— > 
fj.,rrT{x,S,)d(, and x i-^ reSxir) are smooth functions. Applying this to t = (t'-'^(O) 
(which is log-polyhomogeneous by the above remark) with < j < A; + 1 yields the 
result. □ 

3 Regularised integrals on tensor products of clas- 
sical symbols 

3.1 Tensor products of symbols 

Let Ui,---,Ul be open subsets of M". Since the spaces CS'"'([/,) and CS'"-'=' (t/i) 
are Frechet spaces, we can form their closed tensor products, where the closed tensor 
product of two Frechet spaces E and F is the Frechet space E®F built as the closure 
oi E IS) F for the finest topology for which iS):ExF^E^F is continuous. 



C°°(l7,Hol((C-P„)) 

/ <j{x,0{z)d^ 
jt:u 



Moreover the map 

C°°(C/,(D) 
n 

a{x,C)di 

T'U 
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Definition 5 For any multiindices (mi, • • • , itil) G , {k\, ■ ■ ■ , ki,) S IN^ we set 
^^^mi,...,m^) ({/^ X • • • X Ul) := ^tiCS"'' (Ui) 

and 

(JS(niu-,mL) ,(fei,-,fei.) ([/^ X • • • X Ul) ■= (g)f=iC5™-'=* {Ui) . 

The multiindex (mi, • • • ,mi,) is called the multiple order of a and mi H + mi, its 

total order. 

There are at least two ways of continuously extending regularised integrals to tensor 
products of symbols. 

3.2 A first extension of regularised integrals to tensor products 

Definition 6 Let U = Ui x ■ ■ ■ x Ul with x = {xi, - ■ ■ , xl), Xi G Ui,i = 1, • • • , L 
open subsets in IR". Let (ai, • • • , ol) S C' and let (fci, • • • , fci,) be a multiindex of non 

negative integers. 
The continuous maps 

CS""^^{Ui) C'^{Ui,(D) 

ai t-^ l^i'^j' '^i{xi,^i)d^i^ , i = 'i-,---,L 

induce a uniquely defined map: 

cr I— > I X i-^=* (j{x, 

\ Jt:u 



which gives rise to a linear map on '^^CS{Ui) called the multiple regularised cut-off 
integral of a{x,-). 

Clearly, if a{x, ■) = ^'■^iaiai{xi, ■) we have: 

4 (T{x,(,)d^i- ■ -d^L ^T\=f a{xi,^i)d^i. 

The following extends holomorphic regularisations to tensor products of symbol spaces. 

Definition 7 Let U = Ui x ■ ■ ■ x Ul be a product of open subsets of K" . For a given 
multiindex (fci, • • • , fci) with ki non negative integers, a regularisation procedure TZ on 
^^*,(fci,...,/cz.)^f^^ is a map: 

Tl:CS*J''''-''"^\U) }iol(cS^'''''--'''^HU)^ 
a I— > TZ{o') : z a{z) 



such that 
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1. cr(0) = a, 

2. a{z) has holomorphic (multiple) order a{z) = {ai{z), • • • , ctLiz)) G IR^ (in par- 
ticular, a(0) is equal to the (multiple) order of a) such that Re(a^(0)) > for 
alii G {1,---,L}. 



Here Hoi 



(^CSw^'^'^' '''^\u)j is the algebra of holomorphic maps with values in CS*'''{U). 



Clearly, rcgularisation procedures TZi, • • • , TZl on CS*''^^ {Ui), • • • , CS*''^^{Ul) induce 
a regularisation procedure TZ = i^f^iTZi on CSw'"''^' "'''^\u), which we refer to as a 
product regularisation procedure. 

Definition 8 Let U = Ui x ■ ■ ■ x Ul with Ui,i = 1, - ■ ■ , L open subsets in IR" and let 
(fci, • • • , fci) be a multiindex of non negative integers. 
Given a product regularisation procedure 

n = ®i^iHi : a = «)*LiCTj a{z) = ®\^ia,{z) 

on ®\^QCS{Ui) of continuous regularisations TZi, i = 1, - ■ ■ ,L, the continuous maps 

CS'^'iUi) ^ C°°([/i,Hol(<D-Pi)) 

fjj J 1lii(Ji){z)ixi,^i)d^i^ , i = l,---,L 

induce a uniquely defined map: 

^'^^oCS'^^iUi) ^ C°°(C/,Hol(C-U*^^iPi)) 

a ^ (^x^£^^'}l{a){z)ix,^)d^i---d^Ly 

Similarly the continuous maps 

CS'^'iUi) ^ C°°(C/i,C) 

induce a uniquely defined map: 

which induces a linear map on %)^^QCS{Ui) called the multiple regularised integral 
associated with the product regularisation TZ. 
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The Wodzicki residue density res^^ on CS{Ui) similary give rise by continuity to reSx,fe 
on ^^^iCS{Ui) in such a way that for any x = {xi, - ■■ , xi) G Ui x ■ ■ ■ x Ul- 

k 

i^x,fe((8)o-i(a;i,-)) = JJreSx,(c^^(a;^,•))• 



Theorem 2 Let U = Ul X ■ ■ ■ X Ul with Ui,i = 1, - ■ ■ ,L open subsets in IR" and let 

Given a product regularisation procedure 

n = '^i^i'lli : of^iCTi ^ Of=iO-i(2;) 

on CSw{U) of continuous regularisations TZi, i = 1, - ■ ■ ,L such that TZi{a){z) has order 
ai{z), the map 

z^=f n{a){z){x,Od^i---d^L 
Jt*u 

is meromorphic with poles at most of order L and: 

Res^^o 4 n^){z){x, • • • = tSt^^.^^-A^)- 

In particular, when Q.\{Q) = a'(0) is constant this yields 

Res^^o i n{a){z){x, i) rf^i • • • = -^-^res,,L(a). 
Jt^u (a'(0)) 

Proof: By a continuity argument, this follows from the fact that this same relation 
holds on products cr = ®i^i(Ti: 

Res^^o f TT Tli{ai){z){xi,^i) d^i • • • d£,L = TT ReS;j=o 4 Tli{ai){z){xi, ^i) d^i 
•^Txt^i=i i=i -^^i.u. 

i -1 

(-1)^ ~ 



nr=i"Ko) 
□ 

On the grounds of this theorem, taking finite parts we set: 

Definition 9 Given a product regularisation TZ = ^f^^iTZi on CSw{U), for any a G 
CSwiU) we call 

=f a{x,^) ::={p^^o4 a{z){x,^)d(, 

with TZ : a t-^ '^{z), the TZ- regularised iterated integral of a. 
Remark 6 With these notations we have: 

4 Of^i cri{xi,^i) = TT f d^i ai{xi,^i). 
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4 An alternative extension of regularised integrals 
to tensor products of classical symbols 

We now give an alternative extension of regularised integrals to tensor products of 
classical symbols which we then compare with the one previously defined. For this 
purpose we consider a map similar to the map a i— > J|^|^^ (t(x, underlying the 
construction of cut-off integrals. We will henceforth work under the assumption \J\ = 
■ ■ ■ — Uk — U an open subset of M" . 

4.1 Rota-Baxter relations 

Proposition 3 1. The map a -P(ct) defined by 

Ai\<\n\ 

maps CS*'^-^{U) to CS*'''{U). Given a e CS*'''''^{U), P{cf) ^C + t for some 
constant C and with t G CS°'~^'^'^ . In particular, when a G ]R, it has order 
max(0, a + n). 



2. For any a E CS*-''-^{U) 

P(^)(^,^)_^£!-^log'=|^| eCS*''-\U) (12) 
so that if a has vanishing residue of order k—1 then P{<t) also lies in CS*'^^^{U). 



3. P obeys the following Rota-Baxter relation \EGK^ : 

P{a)P{r)^P{aP{r))+P{TP{<j)). (13) 
Proof: Replacing by |?7| in the asymptotic expansion (0 yields: 

CSO fe— 1 

P{<j){x,rj) ^ C.(a)+ Yl E^'(^"-^-^')(l°gl'?l)l'?r"'^" 

+ E^W-M.I (14) 

1=0 

where Pi{aa-j,i){X) is a polynomial of degree I with coefficients depending on cra-j,i 

and where Cx{cr) is the constant term corresponding to the finite part. 

P((t) is therefore the sum of a symbol of order zero (the constant Cx(<j)) and a symbol 

r of order a + n so that when a € ]R, its order is max(0, a + n). Furthermore, it lies 

in CS°'-''(U) and the coefficient of log*^ \r]\ is £££sJ^iM. 

The Rota-Baxter relation then follows from: 

Pia){rj) PiT){rj) = / a(C) / m d^ 
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"'i«i<i'(i ''ifi<ici Jm<\v\ J\i\<m 

P{aP{T)){7j)+P{TP{a)){n). 



□ 



Let Cfc := (gj.tti CS'*'*(C/i) be the space of fc-chains built from the CS'*'*([/i)'s. Using 
the Rota-Baxter map we define a map 

P» '■ — > C, 

by 

In particular we have: 

P/c (o-i «) • • • (8) CTfc+i) (6, •••,&)= • • • crfe(Cfe) P{(^k+i)i^k)- 

Theorem 3 Let U be an open subset of IR". For any integer k > 1, 

1. the composition Pi o ■ ■ ■ o Pfc_i maps i§^^iCS"'{U) to CS*'''-'^{U). 

For cr, e CSiU), 

Pi O P2 O • • • O Pfe_l(cri (g) • • • (g) O-fc) = P (• • • P(c7fc)c7fc_l • • •)0-2) (Tl (15) 

is a finite sum of log-polyhomogeneous symbols of order given by the partial sum 
ai + a2 + ■ ■ ■ + Oij + {j — l)n with j = 1, - • ■ ,k. 

In particular, when ai, - ■ ■ ,ak & JR, then Pi o P2 o • • • o Pfc_i (cr) has order given 
by 

0(Pl0P2 0...0Pfe_i(f7)) 

= max(0, • • • ,max(0, max(0, ak + n) + ak-i + n),- ■ ■) + a2 + n) + ai. 

2. Furthermore, 

Pi o . . . o Pfe_i(ai ® • • • ® - lai e CS*'''-^U). (16) 

(fc- 1)! 

5. The following shuffle (or iterated Rota-Baxter) relations hold: 

k 

Y[Pia^) = ^ PoPio-.-oPfe_i(a^(i)(g)--.(g)a^(fe)) 

= E ^ (• • • ^K(fe))^r(fc-l) • • •)^r(2)) ^r(l)) • (17) 
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Remark 7 For k — 2 equation JiTj ) yields back equation 



Proof: 

1. By a continuity argument, it suffices to show tiiat Pi o P2 o ■ ■ ■ o P^-^i^a) G 
CS*'^^^{U) for any cr = ai ® • • • ® ak- Tliis foilows from tiie first point in 
Proposition |31 by induction on k. Indeed, appplying it to fc = 2, we first check 
that Pi(cri) S CS*'^{U); then assuming that the statement holds for k we can 
apply Proposition 01 to P2 o P^ o ■ ■ ■ o Pk{a2 • • • (gi ak+i) G CS*'''^^{U) from 
which we infer that 

PlO P2O ■ ■ ■ O Pk{ai (g) (72 • • • (g) CTfe+l) 

= PiP2oP30---oPkiai®a2®---ak+i)) £ CS*'\U). 

This formula combined with Proposition |31 also yields in a similar manner that 
Pi o P2 o Pj, o ■ ■ ■ o Pfc_i((Ti (g) ••• (g) cr J; ) is a finite sum of log-poly homogeneous 
symbols of order ai + ■ ■ ■ + Uj + {j — l)n with j = 1, • • • , fc. From there we easily 
derive the formula for degree of Pi o P2 ° -P3 ° • • • ° ^fc-i (ci (g • • • (g Cfc ) when the 
UiS are real. 

2. Similarly, an induction using equation l|12() implies equation H16|l . 

3. Equation (|17|l follows from equation H13|l in a similar manner. 



4.2 Iterated cut-off integrals of classical symbols 

By the results of the previous paragraph, the operator Pio- ■ -oPk-i sends (g*LiCS'(i7) 
to CS'*''^~^(C/), a space on which we can apply cut-off regularisation described in 
section 2. 

Definition 10 Let U C H" be an open subset. For a G ®\^iCS{lJ) and given a 
point X G U we set 

/ a{Od^ ^= E / d^Pio---oPk-iiaoTm 

= Et ^'^1/ d^2--- d^k<yi^T{i),- ■ ■ ,^T{k))- 

Lemma 3 Let U C H" be an open subset. For cti, • • • , Cfc g CS{U) such all the (left) 
partial sums of the orders ai + a2 + ■ ■ ■ + , j = 1, • • • , fc are non integer valued, then 

Proof: We need to show that 

^=l Au<\R, i=iJm<R 
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For each i G {1, • • • , fc} we have the foUowing asymptotic expansion (see equation jSJ): 



'IC.|<fl. 



<yi{Xt,S,i)d^i ^R.,^oo C^cicTi) + ^ Pp{aa^^„i,p){\0g R^)R: 



ki 

di—ra+n 



m—O.ai—m+n^O p—0 

k 

y resp,.,(a.) +1 

p=0 



Multiplying these asymptotic expansions and setting Ri ~ R can give rise to new fi- 

/|«.|<-R. 



nite parts other than fPfl,^oo iif |<_r ^^ii^i^ii) d£.i = HiLi C'2;(o-i)- Indeed, when 



setting Ri = Rj = R, positive powers of Ri arising from the asymptotic expansion of 
/|4 |<i? '^ii^ij^i) might compensate negative powers of Rj arising from the asymp- 
totic expansion of Jj^.|<jj. Ci(a^j, Cj) d£,j thus leading to a new constant term. But since 
such powers arise in the form iJ"i+"2-i haj-m+j n g^^j^ compensation can only hap- 
pen if ai + a2 + • • • + takes integer values. One therefore avoids such compensations 
assuming that non of all the (left) partial sums of the orders ai + a2 + ■ ■ ■ + cxj are 
non integers. □ 

We deduce from the definition and the above lemma that cut-off regularisation "com- 
mutes" with products of symbols in certain special cases: the cut-off iterated integral 
of a product of symbols coincides with the product of the cut-off integrals of the 
symbols provided these have orders whose (left) partial sums are non integer valued. 

Proposition 4 Let ai E CS"' (U), i — 1, ■ ■ ■ , k such that all the (left) partial sums of 
the orders ai 4- a 2 + • • • + aj, j — 1, • • • , fc are non integer valued. Then 



4 IT cri(x, ^i) d^i = IT-/ (Ti{x,£,i)d£,i 



(18) 



Proof: From the above lemma it follows that 

fc 



fPiJ^ooTT / a^{x,C^)d^i 
J\£i\<R 



k 

fc 



W(Ji{x,(,i)dii. 



□ 



Theorem 4 Let ai G CS°'^{U), i = 1, • • • , fc he such that all the (left) partial sums 
ai + a2 + ■ ■ ■ + aj, j — 1, ■ ■ ■ , k are non integer valued. Then the following shuffle 
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relations hold: 



TT 4 dCi (Ti 

= Hi Pi O ■ ■ ■ O Pk-l {<Jril) ^ ■ ■ ■ ^ <Jr(k)) iO (19) 

^ y2 J '^^l / d^2--- dCk-l 0-r(fc)(Cfc) • • • 0-t(1)(6)- 

rfz^jT^U "'|«2|<|?l| "'la-l|<lal 

Proof: Recall that P{ai){r]i) — i|^|<|^.| Applying equation lfT7|) to r/i — R 

for i = \, ■ ■ ■ k and then taking the finite part when i? — )■ oo yields the result: 




The above lemma then yields the result under the assumption that all partial orders 
are non integer. □ 

4.3 Iterated integrals of holomorphic families of classical sym- 
bols 

When the symbols have integer order, neither does the iterated cut-off integral of the 
tensor product of the symbols coincide with the product of their cut-off integrals (see 
equation l|18|l ). nor do the shuffle relations 1)19(1 hold for cut-off integrals. However 
holomorphic perturbation of these symbols will have holomorphic orders, the (left) 
partial sums of which will be non integer outside a discrete set and both equation H18|) 
and the shuffle relations (fT^ hold for these perturbed symbols. 



Proposition 5 Let TZ : a cr(z) be a holomorphic regularisation procedure on 

CS*'*{U) such that cr(z) has order a{z) — qz + a{0) with q ^ 0. 

For any Ui € CS*'^^ (C/), i = 1, 2, with (Ji{z) of order ai{z) — q z + ai{Q) 

1. the map 

z^-f P{cT2{zm)a^{zmd^ 
jt*u 

is meromorphic with at most poles of order fci + fc2 + 2 in the discrete set 
P2 :^q-^ (K-ai(O)) U (2 - ai (0) - ^2 (0)) . 
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2. We have the following identity of meromorphic functions: 

/ d^iaiiz) -[ di2<J2{z) (20) 
jt:u Jt^u 

P (ai(z)) iO a^izm d^ + -f P {^2{z)) (0 d^- 

T'U JT'U 



Proof: 

1. We first observe that P(ct2(z)) cri{z) is the sum ofasymbolTi(z) G CS"^'^''^'^^{U) 
proportional to ai{z) and a symbol T2{z) <Ji{z) e C'S'"i(^)+"^(^)+"''=i+'=^+i(;7) 
with T2{z) G C'5'"2(z)+n,fe2+i([/) (ggg Proposition EJ. By Theorem [H and using 
the linearity of the cut-off integral, we find that the cut-off integral 

/ P{a2{z)moi{zmdi = -f T^{z){x,0d^ + 4 T2{z){0'Ji{z){0d^ 
Jt*u Jt^u Jt^u 

is meromorphic with poles of order at most ki A- k2 at points in P2 defined as in 
the proposition since ai{z) = q z + ai(0) and ai{z) + 02(2) + n = 2q z + ai(0) + 
02(0) + n. 

2. Equation H20() then follows from applying H19() to a^i :— ai{z) (with k = 2) outside 
the discrete set of poles. 

□ 

This generalises to the tensor product of k symbols. 

Theorem 5 Let U be an open subset of and let TZ be a holomorphic regular is ation 
procedure a i— > (7{z) on CS(U) such that a{z) has order a{z) = qz + a(0) with q ^ 0. 
For any ai G CS{U) with ai{z) of order ai{z) = q z + ai{0) 

1. the map z 1— > d^ Pi o ■ ■ ■ o P^^i {<Ji{z) ■ ■ ■ crfc(z)) (^) is meromorphic 
with poles of order at most k in 

k 

n \J{j (S-ai(0)-a2(0) a,(0)). 

2. The map 

Ll^r{z)di 



•IT'U 



is meromorphic with poles of order at most k and we have the following equality 
of meromorphic functions: 



= Y.1 Pl°---°Pk{(Tr(l){z)®---®Gr(k){z)){C)di, (21) 

where denotes the group of permutations on k elements. 
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Proof: Statements 1 and 2 in the theorem foUow by induction on k from statements 
1 and 2 of Proposition [5| Indeed, Proposition |5l with ki — k2 — yields the theorem 
for k = 1. Replacing CT2 in Proposition |5l by P20 ■ ■ - o Pk{(J2 (^k+i) S CS*-''~'^{U) 
(so that ^2 = fc — 1 here) then yields the induction step fc ^ fc + 1 since 

Pi O P2 O • ■ ■ O Pk{ai{z) ® 0-2(2;) (g) • • • (g) (Tfe+l(z)) 
= P{P20P30---0Pk ((Ti(z) (g) a2{z) (g • • • CTfc+i(z))) . 

□ 

Corollary 1 Under the same assumptions and using the same notations as in Theo- 
rem\^ we have the following equality of meromorphic maps: 

7 'S>tiMz)d^ = f <}^Li'^t{z) d^ 
Jt:u jt^u 

= n/ <z){x,,^,)d^,. (22) 



i=l- 



The highest order pole is given by: 

r (—1)*^ —1 

Res^=o j^^^ = ^^^-^^res,,fe((gtifT,) = H '^f''''''^'^'^- 

Proof: As a consequence of the shuffle relations (|21|l . we have the following equality 
of meromorphic functions 

/ <S>tl'^^{z) dC = / Ao---oPfe(a,(i)(z)(g---(ga,(fc)(z))(Ode 

Wi ai{z){xi,^i)d^i. 



k 



1=1 



On the other hand, by the results of section 3 we have a further equality of meromor- 
phic functions: 

f ®LiMz) d^^4 ^tiMz) d^, 
Jt'u Jt'U 

which shows that the two regularised integrals and both coincide on tensor prod- 
ucts of holomorphic symbols with the product of the regularised integral of each of 
the symbols. The Wodzicki residue formula then follows from Theorem |5] □ 



4.4 Obstructions to shuffle relations for regularised integrals 
of general classical symbols 

The finite part of a product of meromorphic functions with poles generally does not 
coincide with the product of the finite parts. As a result, when the symbols have 
non vanishing residues, taking finite parts of the above shuffle relations on the level 
of meromorphic functions does not yield the expected shuffle equations for the corre- 
sponding finite parts. However, in that case a renormalisation procedure familiar to 
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physicists provides the obstruction in terms of counterterms arising in the renormah- 
sation. 

Let 7V1((C) denote the algebra of meromorphic functions on (D, and let M''{<C) de- 
note the space of meromorphic functions on (C with poles of order at most k at 
z = 0. Clearly, if /i,---,/^ e M^i(£) then ULi ^ M''i(D). Let as before 
f-P-2=o/ = liiiiz^o ^ /(^) denote the finite part at z = of a function / e A4^((C). 
Then, in general 

fc fc 

nf-p-.=o/.w^f-p-.=on/«w- 

i=l 1=1 

A renormalisation procedure taken from physics provides a recursive procedure to 
compute the obstruction to the equality; when the products Y[i=i fi{^) arise from ap- 
plying dimensional regularisation to Feynman type functions in the language of Etingof 
[E] , this comes down to applying the renormalisation procedure used by physicists for 
connected Feynman graphs to a concatenation of disjoint one loop diagrams. 

The underlying Hopf algebra ( |K2| . |0^ ') in the situation considered here is the sym- 
metric algebra H := (B'^^q Q'' CS{U) ^ built on the vector space CS{U). It is in 
particular commutative and cocommutative. Although very simple, this toy model is 
instructive. The (deconcatenation) coproduct on cr = cri ••• tTfc reads: 

Act = cr 1 1 fj + ^ 0^J ®0^*- 

.7C{i,...,fc},j^0 jej i<^j 

A regularisation procedure TZ : a ^ (j{z) induces a map (f) : CS{U) defined 

by 

Jt^u 

Our previous constructions show it extends to an algebra morphism 
^ 7W((D) 

(7 = di • • • (T/c ^ 4 ai{z){x,£,i) ■ ■ ■ ak{z){x,£,k)d^i ■ ■ ■ d^k- 

JT*Ux---xT'-U 

The Hopf structure on Ti. provides a recursive procedure to get a Birkhoff decom- 
position of the corresponding loop $(cr) for any a Q TC i.e. a factorisation of the 
form 

where $+(cr) is holomorphic at 0. Namely, with Sweedler's notations Ax = a; 1 -|- 

1 X + x' x" 



$+((t) := $((t) + + J2 'i'-WM'y"), 

where T is the projection on the pole part. This corresponds to Bogolioubov's pre- 
scription by which one first "prepares" ^ the symbol a. 

*0 denotes the symmetrised tensor product. 

^We borrow this expression and the notations that follow from ICMI but we refer the reader to 
Kreimer IK2I . see also ICKI for the Hopf algebra that underlies this renormalisation procedure. 
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There is another way of describing this renormahsation procedure via a renormali- 
sation operator R on the space of Laurent series (zi, ■ ■ ■ , Zk) '-^ f{zi,---,Zk) in several 
variables. For this, instead of 

$(a-) : 4 (Ti{z){x,^i) ■ ■ ■ ak{z){x,^k) d£,i ■■■d^k, 

Jt^Ux-xT'U 

let us consider the map 

{zi,---,Zk) ^ 4 (Ti{zi){x,^i) ■ ■ ■ ak{zk)ix,^k) d^i ■ ■ ■ d^k 

Jt*ux-xt;u 

which defines a Laurent series in {zi, - ■ ■ ,Zk); setting zi = Z2 = ■ ■ ■ = Zk = z gives 
back the meromorphic function $(cr). Given a subset J = {ii, • • • , C {1, • • • , k}, 
setting J := {i| • • • , i\K\} to be its complement in {1, • • • , k}, from such a Laurent 
series / we build the map 

fj '■ {z, 2i| • • • ) 1-^ /(-Zl, • ■ ■ ) ^iiK\)\zi=z,VieJ' 

When / = $(cri(Xi- • - (Xio-fe) = • - O/fe with fi = then fj{z, Zi^j^^^, - ■■ Zi^j^) = 

rijej /j(^) • nj£j/i(^j)- Let us set 

^(/)(^) :=/(2^i,---,^fe)u,=,,i<i<fe + X] <^{fj{z,Zi^j^^^,---,Zi^j^) 

<j,^J<Z{l,...,k} 

which, in the case / = ^i^ifi considered above reads 

k 

R{®Uh){^) ■■=X{h{z) + c{®jejfj){z) n m- 

The counterterm C is defined inductively on \J\ by 

C {jj{z, Zi^j^^^ , • • • , j| := -T {R{fj{z, Zi^j^^^ , • • • , j| ))) 

where T is the projection onto the pole part of the Laurent series in z. 
The renormahsation operator R is then defined by 

R{f) := R{f) + C{f) 

= (l-T)(/) + (l-T)( Yl T{C{fj))), 



Zi - =z 



(t>^JC^{\,...,k} 



which for / = ®^^ifi reads: 

Ufi) ■■= mUfi)+c{®Ufi) 



k 

(1 - T)(Y[ /,) + (1 - T)( Y ^ iCi^Jejfj)) n 

j=l JC{l,...,k},Jjt4> i^J 
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To illustrate this construction, let us take k — 2 and compute R{f) with / a Laurent 
series in zi, zi in each variable Zi. There are only two subsets J C {1, 2} to consider 
in the renormalisation procedure 3\ = {1} and Ji = {2} and we set := /j^ so that 

= (1 - - (1 - T) (T(/i) + T(/2)) . 

Writing 

!{zx,zi)^ ^ a^jZi +o(sup(|zi|,|z2|)), 

-/<i<l;-,/<i<l 

where /, resp. J is the largest order of the poles at of /i, resp. ji respectively, we 
get 




= aoo + o(l). 

In particular, for two meromorphic functions j\ and /2 with simple poles: 

fp.=o {R{h ® h)) iz) = R{fi hm - fp,=o/l(^) fp.=o/2(^)- 
More generally, an induction procedure yields: 

Theorem 6 Let (zi, • • • , z^) >—>■ /(zi, • • • , Zk) have a Laurent expansion in each of the 
variables Zi. The map z i—f R{f){z) is holomorphic at z = and its value at z — 
coincides with the constant term in the Laurent expansion in (zi, • • • , Zfc). 
In particular, when f = ®\^ifi where the functions fi,i — 1, - ■ ■ ,k are meromorphic 
at z ~ Q, then R{f){0) coincides with the product of the finite parts of the fi 's: 

k 

fp.^o {Rifi ® ■ ■ • ® fk){z}) = ® • • • ® fk){o) = l[ip,=oMz)- 

i=l 

Proof: The operator R yields an algebra morphism on the algebra of Laurent series 
and takes values in meromorphic functions which are holomorphic at z = |CK| . As 
/ R{f){z) restricted to A4((C) takes / to a holomorphic function at with value 
R(f){0) given by the finite part of / at z = 0, on a tensor product fi ® ■ ■ ■ ® fk ^ 
R{fi ® ■ ■ ■ ® fk){0) picks up the product of the finite parts of the /^'s at z = 0. By 
a closure argument, we conclude that the map z i— > i?(/)(z) is holomorphic at z = 
on the whole algebra of Laurent series and that its value at z = coincides with 
the constant term in the Laurent expansion in (zi, • • • , z^). The second assertion is 
straightforward. □ 
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Remark 8 As a consequence, if instead of using one complex parameter z, we regu- 
larise each Gi by ai cri[zi) using a different complex parameter Zi we can avoid this 
renormalisation procedure: 

Applying the above theorem to /i : z i— > j^^, jj ai{z) we get the following description 
of the obstructions to shuffle relations for general classical symbols: 

Corollary 2 Given a regularisation procedure TZ on CS{U) for any i = 1, ■ ■ ■ , k, for 
any Ui G CS{U), 

Jt:ux---T'U 



E 

4iH hifc=0,(ii,---,n,)y40 



where as before, crr{i) '■= <^T(i) '^i^d. where the ai 's correspond to the coefficients in the 
meromorphic expansion at z ^ of the cut-off integrals j^,^ ai{z) = -\- -\- a\ z + 
o(z). 

In particular, the shuffle relations therefore hold if all the Oi 's have vanishing residue. 



Proof: As in the proof of Corollary we have 



n/ 



di. 



.i=l'' -'x 

n 



f 



IT-U 

= yZ 1 ^^1/ dC2--- rfCfcCT^(l)(Cl)---0-r(fc)(6)- 

reT.J'^^V "'lC2|<|?l| "'l?fcl<ICfc-ll 

On the other hand, Theorem applied to fi : z ^ It'U '^ii^) yields 



\i=l 



k /• k -.7^ 

lit '^^W -lit 



E 

»l+---+U-=0,(il:---,U-)#0 



which in turn yields the result of the theorem. □ 
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5 Relation to multiple zeta functions 



We want to adapt the previous results to symbols of operators on the unit circle. But 
instead of using an atlas on and expressing the symbol of the operators in local 
charts (e.g. using stereographic projections), we view as the Lie group U{1) seen 
as the range of ( M, +) under the group morphism: 

$ : IR ^ 

which has kernel 27r21 ~ 7ri(<S'^). This amounts to identifying with the quotient 
JR/2'jt7L. In this picture, the additive group structure on ]R/27rZ is identified with 
the multiplicative group structure on S^: 

^{x + y + 27rn) = $(a; + 27rA;)$(y + 2wl) 'ik,l,n&7L, 

an important fact for what follows. 



5.1 The symbol of invariant operators on the unit circle 

We then identify with IR/27r!2 and note the group law additively. The kernel 
K{x, y) of an invariant operator P depends only on the difference x — y. It lifts to a 
27r-periodic function K on JR. The Fourier transform of if is a linear combination of 
Dirac masses at the integers, and can reasonably be taken as a symbol for the operator 
P. It defines then a S^-invariant distribution on the cotangent T*S^ . The trace of P, 
when it exists, will be given by the integral of the symbol on T*S^. 

We will illustrate this principle on complex powers of the laplacian. The Laplacian 

on has discrete spectrum {n^,n eS}. The operator A' := where KerA-*- 

denotes the orthogonal space to the kernel, has spectrum {n^;n ^TL — {0}} and its 
square root \/A' has spectrum 

{|n|,n e:z - {0}} 

as a consequence of which its zeta function is given by: 

n^-{0} 
oo 

= 2^n-^ = 2C(^) 

n=l 

where C is the Riemann zeta function. 

C,^f^{z) can also be seen as the canonical trace of the operator \/A' ^ so that: 

C^(^) = TR(^/A^"') 

= / az{x,i)dx<ii. 
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where <Jz is the symbol of \/A' (still to be defined). We use the Mellin transform to 
express \/A' ^ in terms of the heat-kernel of A on 5^: 



1 



OO 



We want to compute its symbol. 

Proposition 6 The symbol of VA' ^ where A is the Laplacian on reads for ^ G 

Proof : If Ht{x, y) = ht{x — y) denotes the heat-kernel of A on we have for every 
/eC°°(S'\]R)nKerA-L: 



/ \ 1 1'°° 



Taking Fourier transforms we get 



r(f)io 



OO 

-1 



since hfkf = ht-f. We therefore need to compute the Fourier transform of hi and 
hence an explicit expression for the hcat-kcrncl of the Laplace operator on S^. 
The heat kernel of the corresponding Laplace operator on IR at time t is given by 
Kt{x, y) = kt{x- y) with: 

1 _^ 
kt{x) := e *« 



and when identifying with ]R/27rS, the heat-kernel of the Laplacian on is given 

by 

Ht{x, 2/) = E '^*(^ ~ 2/ + 27m). 

The fact that it is "translation invariant modulo 27r" enables us to define the symbol 
using an ordinary Fourier transform. Setting Ht{x,y) = ht{x — y) we have: 

e-i^f = ht*f^^f = htf 

so that the Fourier transform of ht can be intepreted as the symbol of e~*'^. We first 
derive ht using the Poisson summation formula: 

E /(^ + n) = E e'^"'" f{y)e-^'^'ydy. 

Hence 

ht{x) = ^^^ti-^+n) (with kt{y) ■■= kt{2TTy)) 

n6Z 



/+00 
kt{2iTy)e-'^^''^y dy 
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/+00 2 



since for any A > we have e '^^e ^2 dy = 2^4^. Considering any test 

function ip G ( M) and taking Fourier transforms we find: 



<ht, ip> = <ht, (fi> 

r'+oo 



/-l-oo 

/+00 
e~^^'"if){y) dy (by Fubini's theorem) 
-00 



On the other hand the orthogonal projection p on Ker A (i.e. the constant functions) 
is given by: 

p{f){x)= [ f{y)dy. 

Its kernel Kp is then the constant function on x equal to 1. The associated 
function Kp is the constant function 1 on IR, so the symbol of p is the Dirac mass at 
0. From that we deduce that the symbol of e~*^ is given by: 

fe^-{0} 

Applying the Mellin transform we finally get: 



1 fOO 

{2) Jo ur^fn-L 



E \k\-'^m. 



□ 



5.2 Discrete sums of symbols and the Euler-MacLaurin for- 
mula 

The symbol just described involves Dirac measures so that we cannot directly apply 
the results of sections 2, 3 and 4 derived for smooth symbols to define its truncated 
and regularised integrals. The presence of Dirac measures leads to discrete sums which 
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we need to truncate and regularise all the same; we therefore focus in this paragraph 
on truncated and regularised discrete sums of symbols. 

As we shall see, the Euler-MacLaurin formula f |Ha| Chap. 13) builds a bridge between 
discrete sums on one hand and continuous integrals of symbols on the other hand. 
It enables to transpose the properties derived previously for regularised integrals and 
iterated nested integrals to regularised sums and iterated nested sums. Let us consider 
symbols (x,^) i-^ a{x,£^) of log-polyhomogeneous symbols on IR in the class CS*'^ 
(see section 1 and subsection 2.2) "with constant coefficients", i.e. independent of 
the first variable x. They clearly define symbols on the quotient S"^ = IR/27r21 which 
we also call a. We drop the first variable x ^ and consider tr as a function of 
a single variable ^ G H (here identified with T*S^ for any x £ S^). Let us denote 
by CS*'^{WCj the class of such symbols and CS'*'*(]R) the algebra generated by the 
union over Z e INT of these sets. 

There is a discretised version V of the Rota-Baxter P{a){rf) = i|^|<|,,^| c(0 of section 
4: 

V{a){n)^ J2 <^{k) y<j cCS*'*{Wl), (23) 

|fc|<|n| 

which has properties similar to those of P as the following lemma shows. 

Lemma 4 For any a & CS*'^{1R), there is a symbol V{a) € CS'*'''+^( IR) with same 
order max{0, a+l) (where a is the order of a) as P{cr), which interpolates V{(7). More 
precisely, V{a){n) = r{cr){n) Vn G IN and for any a G CS'*^'=(IR), P{a) -Viaj lies 
in CS'*''=^(IR). 

Remark 9 Let ai and a2 be two classical symbols of order a\ , a2 respectively. It fol- 
lows from the above lemma and Proposition\^ that ai V{a2) has order ai -|-max(0, a2 + 
1) so that if ai < -1 and a2 < -1 it lies in L^{TR) n CS*'^{TR). 

Proof: The results of subsection 2.1 and the Euler-MacLaurin formula are the essen- 
tial ingredients. We set T{t) <j{t) + cr(— t), so that we have: 



k=0 

Let us first recall the Euler-MacLaurin formula (formula (13.6.3) in G.H. Hardy's 
monograph )Ha| . with adapted notations): Consider the Bernoulli numbers, defined 
by: 

e* - 1 ^ kl ' 

fc 

so that 

Bc) = 1, Bi = — , B'-f = — , Ba = — , . . . 
0,1 2' 6' 30' 

and B2k+i — for fc > 1. Define for any n the function (/)„ by the equation: 

pXt _ 1 ,^ ^ 4-n 

i^^-E'^»(^)-' (24) 

n>l 

and define tpn as the 1-periodic function equal to ipn on the interval [0, 1[. We then 
have for iV e IN: 

N „N 

V{a){N)-P{a){N) = ^ T(m) - / r(t) dt 

m=0 
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with: 



Cfc = / Tit)dt+-Til) 

Jo ^ 



1 



(2fc + 2)! 



^"^2fc+2(i)r(''=+')(t)(it (26) 



and: 



Setting 



1 



4-00 



then yields a symbol V{(t) in CS*'^^^{M). Indeed, we know by Proposition O in 
section 4 that P{(j) lies in CS*'^^^{K) and has order max(0,Q; + 1) where a is the 
order of a. The other terms on the r.h.s lie in CS*'^{^) as a result of the fact that a 
itself lies in CS*'^{^) and have order < a. Indeed, since r hes in CS'*''^(IR), r(^'^+^) 
also lies in CS*'^{^) and the remainder term ^ i-^- Tfc |j| is arbitrarily smoothing. 
In particular, we see that 'P{(j) — P{cr) lies in CS*''^{M.) and has order < max(0, a) 
(0 is due to the presence of the constant Ck) so that 7^(0-) and P(cr) have same order. 
□ 

Remark 10 Formula Y2f^) applied for k and fc + 1 respectively shows Ck+i = Ck so 
that Ck stabilises at a constant C for large k. 

On the grounds of this result we set the following definition. 

Definition 11 For any a G CS*^^{ IR) the expression: 

N 

^ cr := fpjv^+oc> XI ^^^^ fPi?-.+oo^(c^)(^) 
k<3L k=-N 

defines the cut-off sum of a on the integers. 

Remark 11 Since V{a) has same order as P{(t), the sum '^k=-N '^i^) converges 
when the corresponding integral o'(C) converges, namely when a has order < — 1 
in which case we have: 

Let us now consider holomorphic perturbations of a symbol a G CS'*''^'(IR) (these are 
closely related to the "gauged symbols" of [G2) '). 
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Proposition 7 Let z ^ be a holomorphic family of log-polyhomogeneous symbols 
on ]R of order a{z) = —qz + a{0) with q > that lie in the class CS*'^{ IR). 

1. The cut-off sum: 

R 

fceK k=-R 

is a meromorphic function of z which coincides with X^fc^oo '^z{k) on the half- 
plane Re z > "jo)+i ^ j^j^/j poles in { ^ q ^ jnj j. gj-der < I + 1. 

2. The difference: 



k&Z. 



is a holomorphic function of z. 



Proof: As can be seen from the expression of V{a), a holomorphic perturbation of 
a in CS* ''{M.) induces a holomorphic perturbation 7'(cr)(z) V{az) of V{a) in 
C5*''=+i(]R) which reads: 

^ r=l ^'^^>- 



where the various terms are obtained by substituting Uz to a in the r.h.s. of (|25|l 



By Theorem Q] the integral term shares all properties listed in Proposition 



13 The term ^Tz{£,) and each term inside the sum yields a holomorphic family in 
the symbol class CS'*''^( IR). The remainder term ^ i-^ Tk,\^\{z) yields a holomorphic 
family of smoothing symbols. Finally, formula l|26(l shows that C(z) is holomorphic 
in the half-plane: 

l + a(0)-2fc-2, 
Hk := {ze<E,Re z> ^ }. 

As this holds for any fc, the function C(z) is holomorphic in the whole complex plane, 
and Proposition Ul is proven. □ 

As a fundamental example, consider the holomorphic family: 

^.(o-x(e)ler^ 

where x is a cut-off function which vanishes around and such that xiO = 1 
1^1 > 1. One gets the expected relation between the cut-off sum of the symbol and 
the zeta function: 

Corollary 3 We have the following equality of meromorphic functions with simple 
poles at integer numbers: 

keTL 

Proof: Since the cut-off sum coincides with the ordinary sum of the series when it 
converges absolutely, the equality holds for z in the half-plane {Re z > 1}. By item 
1. of Proposition the cut-off sum is a meromorphic function of z, which therefore 
coincides with the well-known meromorphic continuation of 2(^. □ 
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Remark 12 A simple computation shows that the cut-off integral of az reads: 

where h is holomorphic. We then recover from item 3. of Proposition^that C{^)^jzj 
is holomorphic in the whole complex plane. 

5.3 Discrete Chen sums of symbols 

Similarly to the operator P, the operator V satisfies relations reminiscent of Rota- 
Baxter relations of weight —1: 

V{a){n)V{T){n) ^V{aT^){n)+V{TV(aj){n)+V{aT)in) Vn G IN 

with an extra term V{aT) that did not arise in the weight zero Rota-Baxter relations 
for integrals we considered previously. We want to build from V discrete Chen sums of 
symbols inductively in a similar manner to the way we built continuous Chen integrals 
of symbols from P. We first define from V the operators 

Vj : &itlCS{ H) ^ (g)^'^iMap( IN, (C) 

On the grounds of Lemma 01 we derive the following result. 
Liemma 5 Let a e ^^^^^(IR), th en 

1. 'P{(t)j defined by 

• • • , ij) V{a{^u---,^,,-)m) 
lies m &iZlCS{ H) ® CS'*'i( IR). 

2. Let cr = CTi (g) • • • (g) cTfe € ®'i=iCS{ IR), then Vi o ■ ■ ■ o Vk-iicri ® ■ ■ ■ ® crfc) defined 
inductively by 



ViO---o Vk-l{(Tl ®---®<7k)-^V{V20---o Vk-l{(Ti (g) • • • (g) crfe)j 

lies in CS*''^^^{ IR) and has the same order as Pi o ■ ■ ■ o Pk-i{ai (g • • • (g CTfc), 
given by max(0, • • • , max(0, max(0, + 1) + ak-i + 1) ,■■■)+ a2 + n) + ai where 
Ui is the order of ai . 

Proof: The first assertion is a direct consequence of Lemma 0] The second assertion 
then follows from an induction procedure on j to check that Vk-j o • • • o Vk-i — (ci ■ ■ ■ ® ak) 
maps (g)'=CS'(IR) to (g)'=-^-iCS'( IR) (g CS*^^{TR). The comp utation of the order also 
follows by induction using the fact that by Lemma 01 P{(t) and P{<t) have the same 
order derived in Theorem [S] □ 

We are now ready to define discrete Chen sums of symbols. Combining LemmaElwith 
Lemma 01 shows that the cut-off sum of the symbol Vi o ■ ■ ■ o Vk-iici ® ■ ■ ■ ® cTk) is 
well defined so that we can set the following definition. 
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Definition 12 For ai, - ■ ■ ,ak G CS{ M), we call 

Chen 

^2 CTi ® ■ ■ • ® CTfe Vio ■ ■ ■ o Vk-i{cri ^ ■ ■ • ® (Jk) 

the cut-off Chen sum of a :— ui ® ■ ■ ■ ® (Jk- 

Remark 13 Given the expression of the order of Vi o ■ ■ ■ o Vk-i{<^i ® ■ ■ ■ ® (^k) ex- 
plicited in the above lemma, it converges whenever ai < — 1 and ai < —I for all i ^ 1 
in which case we have that 

Chen Chen 

^2 Cl ® ■ ■ • ® CT/c = ^ CTl (8) ■ • • (8) CTfe 

is an ordinary discrete Chen sum. 

5.4 Multiple zeta functions 

We now apply the above results to 

where si, • • • , are real numbers and x is a cut-off function which vanishes around 
and such that xiO = 1 foi" l?l ^ 1- We want to generaUse Corollary |31 to integrals 
of tensor products relating them to multiple zeta functions (investigated 

in |H] and [21, see also [U] or |Wa| for a review on the subject). Applying the results 
of the previous paragraph to the cr^'s of order —Si leads to the following result which 
gives back a known domain of convergence for multiple zeta functions. 

Theorem 7 If si > 1 and Si > 1 for i = 2, ■ ■ ■ , k the discrete Chen sum ^j^^ 
• • • (E) CFsk converges and is proportional to the multiple zeta function: 

Chen 

'^as,(E)---(S)crs,=2''C{si,---,Sk):^2'' ^ n""'' • • • n^'^ 

i<"fc<"fc-i<---<"i 

It extends to all Si e JR by a cut-off Chen integral of the type defined above: 

Chen 

C(si,---,Sfe) ■■=2-''Y^ (7s^®■■■(g"T,,, 

where we have used the same symbol for the extended mutiple (^-function. 

Proof: It follows immediately from applying the results of the previous paragraph to 
ffi — a Si of order —Si. □ 

As a consequence we can also write: 

C(si, • • • ,Sfc) =^ Pi o • • • o Pfc_i(crsi CTsJin) 

n=l 

where 

P{f)im):= /M' V/e.F(]N,(C) 

l<n<m 
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and 

Pj ■■ ®SMap( IN, (C) (g)l^^Ma.p{ IN, (C) 

Pj(.f)inir--:nj) := P (/(jh, • • • , , •)) K). 

If si > 1 and Si> 1 for « 7^ 1 then clearly, we have ordinary sums: 

00 

C(S1, • • • ,Sfc) ^ -Pi O • • • O Pfc-l(0-si «) • • • «) O-sJ(n). 

n=l 

Remark 14 • One can check that the same type of results holds with the usual 
multiple zeta functions 

c(si,...,sfc) := "fe''---"r'' 

l<n—l<n2<-<nk 

instead o/C(si, . . . , Sk) provided the large inequalities between the \^j\ 's and \nj\ 's 
are replaced by strict ones. 

• The above results can be extended ^ to complex numbers Zi instead of real numbers 
Si replacing si > 1 and > 1, i 7^ 1 m the convergence assumptions by Re(zi) > 
1 and Re(zi) > l,i ^ 1. 

The well known "second shuffle relations" for multiple zeta functions jENH j come from 
the natural partition of the domain: 

Pk,i ■.^{xi> ■■■> Xk > 0} X {xk+i > ■■■> Xk+i > 0} C]0, +oo['=+' 

into: 

Pk,l = U Pa, 

o-emix sh(fc,;) 

where mix sh(fc, I) stands for the mixable shufRes, i.e. the surjective maps a from 
{1, . . .k + 1} onto {1, . . . m{a')} (for some m{a) < k + I) such that ai < ■ ■ ■ < ak and 
Cfc+i < • • • < cTk+i- The domain Pa- is defined by: 

Pa = {{Xl,. . . , Xk+l) I Xa^ > Xcr,+ ^ if CT,. ^ (T,.+i and Xr = Xr+1 if CT,- = <7r+l}- 

The second shuffle relations are: 

Ck{zi,- ■ ■ ,Zk)Cl{Zk+l,- ■ ■ ,Zk+l) ^ ^ Cm{a){Za), (28) 

cr£mix sh(fe,i) 

where Zg- is the m{a)-up\e defined by: 

ie{l,...:k+l},a(i)=j 

®via an extra statement on Chen sums of holomorphic families which we omit here, but which can 
be estabUshed along the same lines as was the meromorphicity result on Chen integrals of holomorphic 
families. 
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For k ^ I = 1 they read: 

C(2l)C(^2) = C(^l, Z2) + C(22, ^l) + C{Z1 + Z2). 

Using the identification ^jj^ Uz (C)'^C ~ derived previously we can indeed compute: 

4C(^i)C(^2) = n/ D{a.;) 

"'l?i<IC2| JM "'l^KICil 



/ 

"'16 



]R 



l| = l«2| 

= 4C(zi,Z2) +4C(z2,zi) +4C(2:i +22). 



The verification of the general formula (|28|) goes along the same lines. 
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